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Abstract 

The Input hpedance of a cylhdrical dipole b a holgogeneoua anieo- 

tmp5.c ianosphere is determined for arb9trspY values of the medhau para- 

meters and arb%- ork&ation of the dipole w i t h  respect to the car%h'a 

mgnctfc f f e l d .  A sinusoidal m i e n t  distribution 5s assumed, 88 well  a8 a 

l o w  value of dipole excitation, so that the f i e l d  equat2ons may be assumed 

to be linear. 

Integral which can be evaluated nmerically without difficulty. 

The solutkm is obtained in the form of a rapidly converging 
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1 E Introduction 

For several years, ionospheee probing by rocket-borne probes has used 

the technique of the antenna impedance probe. 

veloped by NASA scientists [l]" and is now being pursued by other groups. 

has been uaed prbcipal ly  in the lower regions of the ionosphere because of 

lindtatlons imposed by the rocket. 

rockets, it is now possible to carry ?robes of W s  type t o  ci?tftudes above the 

maxamUm ionization levels of the ionosphere. 

Thps t e W q u e  was first de- 

It 

idith the availability of more powerful 

The impedance pmbe has the special m e r i t  that  it is affected by the %on= 

ospheric parameters in the fmmed8ate vicinity of the probe - roughly in the 

order of a wavelength or less  of the probe excitation. Consequently, this type 

of probe gives local values of the parameters, rather than integrated values as  

i n  the Seddon [23 type of experhento It also can be operated a t  an excitation 

level low enough %o avoid the cmatinn of edditional i d s a t i o n  in  the medium 

by the r-f field. 

"he prop= interpretation of the impedance measurement of ai antenna 

probe requires a knowledge of the input impedance as a fuctSon of the medium 

psopeptles, The type of antenna used in rocket probbg can be rather closely 

approximated as a cylhdrical  dipole. 

impedance change produced by the ionized medium, so that deviations f r o m  the 

i d e a l  cylindrical form can be expected t o  play a secondary role. 

reason, the subject of this r e p o ~  is the calculation of the -put impedance of 

a cyllndsfcal dipole i n  a magneb-ionic medim. 

Foxctunately one is  interested in the 

FOP t h i s  

Rocket experiment;~ have shom that the antenna acquires a negative charge. 

This negative charge repels =e elec*m immediately around the antenna, with 

* Nu~~bers ds brackets refer t o  the comespding  references in the Bfbllography 
on p. 170 
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the result that the ankana envPronsent 5s ~endered hhomogaeous. TUs sr"fect 

%a a very bpmtant one f'rom the standgoint of the appUcat5on o f  the impedance 

probe technique to tha lanosphere. If thfa type of probe is to be useful, the 

nature of tihe lnhcxwgexidty produml, and I t s  effect on the antenna %apedame 

must be capable of detedaaticm. The former of these two problem appears to 

be the more foddable  one a t  present. In any event, a solutiaar for the holao- 

geneow case 18 a xecessazy f l r a t  Shp, both to develop an insight to the patme 

and magnitude of the effects produced 

as we= a8 to 8-e 88 8 basis for a pcm5ble p e r b r b a t h n  te-que for  the 

inhonogeneous dlstributlon. 

in W e  report, 

various values of the n t d u m  ps=i.ameters, 

The case af a hamgeneow madim vill be assumed 

The calculaticm of Input irapedame of a cylindr5aal dipole has been the 

subject of very extemsive hestigaticm for over 60 para. 

solved nith complete rlgw. But this 5s no% m e a n t  to Imp ly  that the approxbate 

results obteined are not useful. 

valuss are large only uhan the dipole length approaches a w a v e l w h  OP more0 

For .most practical cases, end p,-obably for d l  well-deeigned lonosphere probe 

ewe-exits, the agreement with m e a s u r a e n t  l a  q d t e  good, being better for ths 

resi3tance oornponeat than the reactance coqonent. 

usually correspond8 to that of a dipole whose length b d l g b t l y  greater thaa 

the actual length. 

pacitances a t  the eads of tha dfpole. 

It has neve been 

Discrepanales betveen calculated and measured 

The reacwce component 

!&ia may be vlewed as an end effect equivalent to 8 m d . l  ca- 

The oalculation of input impdm.ce of a dipole i s  a s.trsightforvard problem 

when the dIetribut5on of cument over t5e d3,pole 2s known. 

butla $8 not arbitrary, however, sbce, In prbcfple, %t can be dcdved from 

Maxwell's quatlans and the known bouesdarg condltfona at the dipo le  surfaceo 

The current dPetri- 

2 
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The key d i f f i cu l ty  &sea uhen one att-japts to detemine %his current distr$-  

butdon fmn Maxwell's equationa, since one is confsonted uith the problem of 

solving an integral equation- Various iterative methods have been employed, 

but the accuracy of the r d t ,  as judged 

seaJsitlv0 to the 4ieabniqtxe used. 

co3Bp8fison vith exp&ent, is 

& ffrst appro[rlpation the cument distribution along the dipole is shu- 

The sin- soidal. 2lria appmxlaetian is quite gcad for very thin, ~ G X  dipoles. 

usoidal d is tr ibut ion may be considered to be the result of guided waves pmpa- 

gating in the aedlum along the outside of the conductor and perfectly reflected 

at  the open ends, the interference betwen the two opposite.ly directed wave 

trainr, resulting in a etaniUg nave #i%h zero current a t  the outer ends. 

gation along the wires takes place a t  *&e velocity approprgate to the external 

medium. 

Propa- 

Forttmatelp, aa already laerntiad, in the case of a dipole used as an 

impedance probe we are not interested i n  the exact calcuLatiaa of the dipole im- 

pedance, but rathprr in the impedance change upon entry into the ionosphere, 

'phis change is thus a difference qwm.f;:ity, so that small devfatfans in the nature 

of end effects which 83.8 occasioned by the w e  of only an approximate current 

dlstribu-bion can be expected to largely cancel out when %he difference, or change, 

hcoen the Free-spsce value is formed. 

3nmenseI.y by a~8uIBjpg a sinusoidal cumit  dflstributfon. 

Coneequenw one may simplify the problem 

'ilhis wlll be done in 

the w0B-t 

A M e r  asmnirptian 5s made t h a t  the q l i t u d e  of the motion of the f t ee  

electrons in the medium in respame to the electric f i e l d  of the dipole is 80 

d l  that the refractive iadex is given by the standard Appleton-Rartree formula. 

This assumption nakse the field equatlcns linear, so that Fourier resolv.tions 

3 
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are amsiseable. 

Because of the CospUcated dependence of the re*ctive lmiex of a 

magnet~-ionic nledlm on the direction of propagation relative to the earth's 

maepefic f i e l d 3  it ie c u s w  i n  10n0~pheri~ pwpagaticm problem to &e w e  

of var5ou~ apprmdsatbm for the I.efracfive index [3], deperading on the direc- 

tionrr of prcinoipal interrest. In the aJlt8ma j3npdanoe problem, however, all 

directions of propagation are Involved, BO that the fntroduction of such a-11- 

flcatiw is -, in ~ o n n e ~ t i ~ n  with i a e p h m  PWbhg, 

v i r t d y  the whole gapaut of nonnalized ionosphere pa.rameters i s  of Interest. 

For these ma0118 we have avoided the introduction of any such slmpllfications, 

In  order to make the results obtained HB widely applfcable as possfble. 

In the treatmelt given In this report, therefore, we a h d l  assum that 

the curreat is distributed sinusoidally aloag the dipole. The input impedance 

Wil l  be obtained by equatbg the caplex parer passing f'roin the surface of the 

dipole In to  tbe medium tn the amp3ex powerr supplied to the dipole at  fts b& 

temlna ls .  

in the complex wave-direction plane. 

for the particular ionosphere v e t e r s  (plasl~a frequacy, & v r ~  R.equ=~y, 

collieion frequency) of i n w e s t .  The values of these p a ~ ~ ~ ~ e t e r s  are not m- 

strictsd in any way in the treatamst. The orimtation of the dipole with re- 

The result will be reduced to en iz~tegrd. along a certafn contour 

'phis integral can be evaluated nurmerically 

SwCt fo the d'~  -&IC field 28 a31.bi-e 

20 F& tion of the problea 

In view of the preceding discussion, we now undertake the calculation 

of the input impedance of a cylindrical dipole in an infMte homgen~us ion- 

osphere h v h g  a conetent sl;lrperfpnpased lpagaetic field, The dipole, of redius so 

and length 24 is CoPBldured to be fed a t  its oenter, and the current distsibut im 

4 
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w i l l  be taken to be symmstrical, and t 3  be h u s o i d a l  dong each half of the 

dipoleo being zero at the ends. This CfistrLbution is  shom in Ffg, 1, 

We shall find it convenient to employ two coordinate systems, I: and Z p e  

Coordinate system C has i t a  8 4 s  along the earth's magnetic field, €&e Fcr Z*  , 
the e t 4 a  coincides vith that of the dfpole, and makes an angle 65 x/2 uith zo 

The r e l a t h e  orientations of Z and C f  is chosen so ehae tbe p~~--aXls Ues 5n the 

yz-plane, Thus the xIcutie of I: and the x ' 4 s  of I;' coincide. The orfentations 

of %he &wo sets of axes are &om in  Pig, 2, 

pier. 1 FAg. 2 

We shall asawne a t h e  dependence of at for a l l  field quantities snd 

8 0 w K ? 8 8 o  RatiOnalfSgd m-k-s d . t S  WiU. bs used t h r o u g h o U t .  

The iaapedsnce will be dePlgl.fnined by equating the oomplex power ( ieeo ,  

th8 camphx p o w e r  vOl%-am.pex-e8) supplled 'u, the antenna a t  9 % ~  f ed  pobt  

supplied by the dip013 to the external medim, The latter is obtained by wte- 

grat&ig tihe normal component,of t h e  complex Popting vector over the surface of 

the dipole .  For tbfs we need to know the tangential e lec t r ic  and magnetic Meld 
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strengths, E, and H,, at  the surface of the dipole due to the current in the 

dipole .  Sinoe the tangential component of 8 can be relaeed to the dipole cur= 

rent, the only problem is to find 15. 
T'he complex power supplled to the medium is 

P= & (,Ex@", (18) ll 
whem S is tbe outer surface of the sipole and the direction of dg is the out- 

w a r d  n o d .  The c@ex parer supplied to the dipole is 

Po +vr* = # 1112, (lb) 

where V and I are the input voltage and currrent, respectively9 and 2 5s the Snput 

Impedance. Consequently, on equating the two expressions for P we obtain 

For the caloulaticm of the integral in (2), we intraduce cylhdr%cal co- 

The actual m e n %  flow on the surface ro = roo H a r w e r ,  for the calcu- 

source on the axis of the cylbder, rt = 0, and directed along the axis. Thuso 

if j ( e l )  represemts t h l e  line current, -&hen the actual surface density i s  

But the tangential component of at the surface is equal to the surface current 

13) 

on insd ing  (3) into the integrand of (2)p we obtain 

6 
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But 

so that 
A E-*. = Etcos8 + Eysin0. 

Hence the outward component of the conrplex Poynting vector is 

dE = & (s%&*)*ds = "' ( Ez c c d +  5 5ifit9k dp'dz", (5) 

since dA = rodp1dz8 , This has been expressed 2.n tha C fzae ,  aoticlpating that 

the evaluation of the electadc field will bo sizupler in  this system than Fn Z". 

It should be noted that ( 5 )  doe8 not involve &e 

assumed axial current j ( s ' )  has no component Pn the x-direction: 

This i s  due to the fact that ths 

J(t.) = j ,  =I@ +&sin 4, (6) 

The problem thus reduces to a determination of the electric f t e l d  so OBce 

this has been found, the values of % and EZ can be inserted in ( 5 1 9  and this 

then substituted in (2) to f i n d  the input impedance 2. 

3e Calculation of E 

We pow turn to the problem of f h d -  the electric f i a l d  8, This obeys 

MaxwellVa equations for the medium. I& view of the free electrons ard the super- 

imposed static magnetic f i e l d  of the earth, the m&m i s  characterized by a 

dielectrb tensor, 

components An a l l  three coordinate 2iir6ctionse 

equations are U e e r  (implying sufficiently SRELLI. vibrations of the free charges) 

Maxwell~s equations guarantee that a solution must exist  f o r  

This means that a given cmponent of field is due to m e n t  

On the assumption that the field 

of the fom 

7 
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= JG&y&J W:,)d%,- (7) 

[At thie point, a dfscussian of the notatton to be employed l a  dn order, x, denotes 

an arbitrary field point with coordinates %,%,x%, $1 a source pofnt with co- 

ordinates xLX,xijrrxZX, and ....d3xL i a  a coslpact notatfon for ...dx,xdx~ydxL,. 

The mmvention of atmmtng WBT repeated indfcee VfU. be used, 80 that, for 

the hdex letter where .this is d e s h b l e , ]  

~n (7 ) ,  is the ( i , j )  coglpaosnt of the ~reen9s ten so^. ms~~ally~ 

it mpwsentu %he e l e c M o  f i e l d  An the ith dlrectian a t  x due to the jth coeaponetlt 

of the source current dsnslty 2 a t  3. 

at 5% to the point 

4 

Thus G (x 15) propagatets the effect of 3 
Its existence-is guaranteed by (actually, is a eoneeque~nce 

53 - 
of) the llnearlty of Ms%w8llqs equations bl J, E, 30 

SiPce the derivation of the expression for G i f ( f 1 3 )  is emewhat leola;thy, 

It i s  aven in Appendix A, The result i s  

from w h i c h  (7) becomes 
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40 muatla of z 
Having obtalned the necessary expression for the electric f i e l d  E, we 

(13) 

where 

and aj,a2,a3 are elements of the tensorK w h i c h  are exppessed in term of plasm 

frequacy, glm> m u e ~ q ,  and collision frequency in (A-Z&,b,c,) respectively, 

9 
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Also, f zwm (8-26) of Appendlx A 



The evaluation of the reraahhg integrals in (19) is straightifom&, The 

result for a,(q) is 

4 (9, = eSla'1 F(41, 
w 

where 

Inserting t h i s  into (17) and noting from (18) thaL I = j (0)  = L s i n A  (see Pia;. 11, 

we obtain 

The factor 

where is the impedance of free space and n(8) fa  the refractive index of' the 

medium appsoprhte to the orientation of the ryUnder axis  (angle B %he 

earthps magnetic field) 

(23) may be written as 

Cossequwtly the coefficient of the tr3.ple integral in 

so that (23) becomes 

The q-htegratioas MU. be handled complex vaPiaable techn%ques. The 

w%ll have to be evaluated numerically. Thfs appesrs to be quite feasible oa a 
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so %hat only a restricted Papt of the p-fntemal contributes to the value of the 

integral, Consequently (3) is b a satisfactory fom fo? numerical evelustimp 

Comvmison with F'reeSpace Solutlon 

A comparable fom of solutionmay be obtained 

starfi3n.g w i t h  the f'ree-space Gx=8enys tensor @van in 

Prom this, the  expression &n breces in (l4) 2s found 

fop the fkee-space case by 

(A-33) Of A p ~ n d j l x  At 

t o  be 

where 

where 

( 37) 

Consequently, 2n order that (25 )  reduce to (37) 2n the &ee-space fWt 6x = 0 )  

we must show that 

As x *Os we see fiplclra (A-24a-c), (A-25) end (6-29) that 

15 

(39) 



”he expression (37) fo r  the fhe-space impedance can be btegrcited exactly 

fn term of exponenth1 integrals, and then separated into its seal  and imaghary 

parts t o  gfve the faadliar expressions for input resistance and reactance 5x1 

terms of d n e  and cosine integrals, 

lations %e not from (37), but t o  start from the integrated form (A-33) of A p P d h  

The usual procedure fn obt- these re- 

A and integrate this over the current distPfbutfon. 

It vas mentioned in the Introduction that in .%onosphere p m b h g  we are %n- 

terested In the change 3-n hpedance of the dipole on entry Snto %he ionosphepee 

Consequatly we may form the difference between the expresshns a v s a  5.n (3) 

and (3?) ,  and calculate the dffferent%al hpedarice itself nMlepically. 

purpose (37) is first kntegrated uith respect to  q3 fn the same manner as  (25)# 

after first transfomhg qi,qa to the p,*variables. 

s m e  fom as given in (N), but Tcnth the quantities N and D replaced by G ( 3 )  

as dven in (41) and 

FOX= MS 

This d v e s  for 2, the 

3 = ( ! - p * P ( p l ) 9  (42) 

respect8vely. 
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Calculation of the Green's Tansor 

We calculate the G ~ ( s l l ~ 1 )  of (7) from Maxwell's equations. To do this, 

we nllminate 

a sewnd-order differential equation for 

differential equation then leads to the Greera's tensor. 

fraan the two coupled fwt-order differential equations to obtain 

The inverse of this semnd=order 

Laplacian operating on E 0sil.y in rectangular coordinates, 

(A-31, written in cosapanent forno l a  

In theae coordinates, 

where 

shoe (A-3) is linear in 8 and J, we must be able t0 write 35 and as linear 

I"uzictionals of each other, 

we need is 

operations on l3, it follows that Emust be m btegral  operator on 2. 

must be able to wrfte 

(A-4) gives & as 8 lineal? functional of B, but what 

as a linear flznctional of 2. Since (A-4) involves differential 

Thus we 

EicS) JClj (2 I&);ri (%I) (8-5) 
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G. A common tecfiniqu-e t o  use in cases of t h i s  kind is to  Fourier analyze 0, This 

accompUshes the 8-8 end as the use of operational calculus, since differentiation 

(A-ll) 

Since the functional de;3endence on xi must be the same on both sides of thts 

equation, it follows that we am I C i t Q  

(A-3.2) 

where fjk(k) is some as yet unspecifhcl function of k, Then it is evident from 

19 
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(A-23) 

frequency, respectlvelyt 

K = 
y = %/a t 

z = 3/61) . 
Then 

with 

pZ= q:+q:. 

(A-26) 

21 



comparison of the two sides of (A-11) that 

(k' 6ij - e K;j - kikj) fja (h) (A-13) 

(Ad) is a system of dgebraic equations in &(k). These can be inverted 

by Kramer's rule, or by ordlmwy msrtr5x inveraian. Thus if we def ine  

where A is the (j,i)u cofactor or' H and A = det.H. Hence from (A-13) 
35 

We now introduce the dimensionless variables 

(A-15) 

{ A-16) 

(A-17) 

( A-18) 

where 

20 
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(A-31) 

(A-32) 

vhile f k m  (A-26) 

The permutation of the indices 58 allowable bemuse of the isotropy of (0-g. 
m 

We evaluate the q-btegral by tmnsfoxmlng to polar coordinates: 

d=q = (F'd4 dg sin6 d l 9  

e - i 4 f c d  

so that 

The last integral has poles at  q = 9 1. 

manner as shown in Fig. 3, which is equivalent to asslaning that q has a small 

negative Srnagiaaary past. 

We detour around these in the usual 

Then, by defaming the path of integration into an 

W h i t e  sssnicircle ia the lo we^ half-plane, we obtain -2~i*(residue at 

22 



4- plane 

Thus we obtain for G5.l 

(A-33) 

which is the form of the Green's temor for fxee-~pace~ 
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